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ABSTRACT

In the Structural Health Monitoring (SHM) context, the most critical question is
often: Is the system damaged or not? Methods to detect damage rely on identifying
novelties in the system response, where significant deviations from training data indi-
cate structural damage. However, this process depends on a threshold, typically defined
as a single crisp value based on data distribution or representativeness assumptions. If
natural variability, i.e. aleatory uncertainty, is not fully captured, false positives may oc-
cur. Probabilistic approaches address aleatory uncertainty, while epistemic uncertainty
— arising from lack of knowledge and imprecision — is often modelled using set theory,
including interval, fuzzy sets, and other imprecise probability frameworks. Recent re-
search suggests that integrating both types of uncertainty enhances confidence in struc-
tural integrity assessments, and fuzzy probabilities offer one feasible approach. This
study develops a methodology using fuzzy probabilities to determine the required sam-
ple size for a predefined confidence level in damage detection. The fuzzy membership
function aggregates plausible intervals into a unified framework, including quantifying
how many samples are needed to achieve a certain confidence level. A two-degree-
of-freedom system validates the approach, demonstrating its effectiveness in detecting
damage compared to a crisp value-based threshold.

INTRODUCTION

Structural Health Monitoring (SHM) employs various strategies to detect and iden-
tify structural damage, following a hierarchical five-level approach [1[]. The first two
levels focus on reliably determining whether damage has occurred and locating it, while
the higher levels address damage characterisation and remaining service life estimation.
For most civil infrastructures, only healthy state data are available, leading to an unsu-
pervised SHM problem where continuously extracted damage-sensitive features (DSFs)
are compared against the healthy state of the structure. Any significant deviation is taken
as an indicator of damage [2]. This procedure involves comparing the system response
to a threshold to determine whether the structure is healthy. Consequently, the definition
of this threshold is critical for enabling damage detection. The SHM literature offers a
wide range of methods for both damage detection and threshold determination [3]]. Some
techniques, such as outlier analysis [4], assume that the DSFs follow a normal distribu-



tion, while others, like extreme value statistics [5]], do not require this assumption. In
practice, however, a decision maker must address various uncertainties present in healthy
data — such as measurement noise, the number of available samples, and physical vari-
ability — that can compromise decision quality [6]. Although established probabilistic
methods exist to handle both aleatory and epistemic uncertainty [7H9]], and many authors
have successfully investigated the management of uncertain DSFs in SHM [10-12], the
threshold value is still typically assumed to be fixed. This leads to decisions based solely
on a single crisp value. Since the threshold depends heavily on the available amount of
data and thus trustworthiness, it is beneficial to define confidence intervals that account
for both aleatory and epistemic uncertainties. This perspective aligns with recent ad-
vances in imprecise probability theory that advocate for combining uncertainty types to
improve the confidence of structural integrity assessments. Therefore, this study intro-
duces a fuzzy probability-based methodology to determine the minimum number
of samples required to achieve a predefined confidence level for damage detection using
the Mahalanobis distance. By aggregating plausible intervals into a unified fuzzy mem-
bership framework, decision-makers can simultaneously evaluate multiple confidence
levels. Figure|[T]illustrates the transition zone between healthy and damaged states aris-
ing from the fundamental ambiguity in assessing the structure‘s state near the threshold.
This inherent uncertainty underscores the need for a probabilistic framework that accom-
modates gradual transitions rather than enforcing crisp thresholds, ultimately enabling
more robust decision-making.

Happy days: More realistic:

Figure 1. Illustration of the challenge that arises in the transition between healthy and
damaged conditions. Happy days: a binary transition defined through a crisp threshold
indicating between the healthy and damaged state. More realistic: a fuzzy transition
between both states, where no reasonable decision can be made whether the structure is
damaged or not.

The proposed approach also offers significant advantages for machine learning-based
damage detection in SHM, where training time and computational cost are susceptible
to sample size (e.g., in Gaussian process regression). By rigorously establishing the
minimum number of samples required to attain a predetermined confidence level, the
proposed method not only accelerates model training but also quantitatively assesses
data sufficiency for robust performance. The proposed method is validated on a two-
degree-of-freedom benchmark system, demonstrating its capacity to improve SHM by
enabling more accurate and data-efficient decisions.



FUZZY SET THEORY

The fuzzy set theory enables a gradual assessment of element membership in a set
by employing a membership function that relaxes the need for precise values or bounds.
This approach allows for a smooth transition between elements that belong to a set and
those that do not. A fuzzy number = defined on X = R" is represented as

T=A{(z,p(z))|lr e X}, wplx)>0 VrelX. (1)

Here, the membership function p(z) assigns each x € X a real number in the interval
[0, 1], indicating the degree of membership of x in Z. Various functional forms exist for
p(x); one common example is the triangular membership function:

ae, fa <z <a
ple) =< 2=, ifay < <ag 2)
0, otherwise.
The corresponding crisp sets
o = {x € X|u(z) > a} (3)

are referred to as a-level sets for o € (0, 1]. These sets form a nested sequence with the
property that

Top C Ta,, Yoy, while ay € (0,1] with a; < ay. “4)

Each a-level set represents an interval defined by minimum and maximum values for the
fuzzy input parameter. Figure [2]illustrates a triangular fuzzy number for the parameter
x. The fuzzy set containing all elements with a membership degree of at least o € (0, 1]
is called the a-cut of the membership function. Given an a-level, the support of x,
reflects the level of confidence in the corresponding set of parameters. The interval for a
triangular fuzzy number at a given a-level is characterised by

To = a1 + alas — a1),a3 — alag — az)], Va € (0,1], a1 < as < as. (5)

Figure 2. a-level for the triangular membership function p(z) with parameters aq, as, as.



CASE STUDY

The proposed method is demonstrated and verified using a simple two-degree-of-
freedom (2DOF) system, depicted in Figure
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Figure 3. Mechanical model of the 2DOF system.

Analytically, the 2DOF system can be expressed using the equation of motion
Mi+ Ku=0 (6)

with M and K as mass and stiffness matrices. For the system shown in Figure (3| the

matrices result in:
. mq 0 . kl + kQ —/{2
M—(O m2), K—( —ky k2>' (7

Given the corresponding values for mass and stiffness, the eigenvalues \; and \s of the
2DOF system result in:

- miky + maky + maoks 4 maks + maoky +moks \ 2 _ kiky )
1.2 = 2m1m2 2m1m2 AN UD) )
For this study, the masses are set to m; = mo = 1 kg, and the stiffnesses are set

to ky = ko = 10 N/m. To account for uncertainty in modelling, measurement, and
identification of the model parameters, the linear spring stiffnesses k1 and k-, as well
as the eigenvalues \; and )., are corrupted with Gaussian distributed noise. This study
considers two distinct sources of uncertainty:

 Input uncertainty: Variability in the stiffness parameters k; and k9 of the 2DOF
system, modeled by a A/(0,0.05) distribution.

* Model/measurement uncertainty: Noise introduced to the eigenvalues \; and
Ag, following a A/ (0, 0.01) distribution.

To enable multivariate outlier detection, the Mahalanobis distance (MD) is employed as
a conventional method for multivariate outlier analysis in SHM [14]]. The MD is defined
as:

Here, x; represents the current data point,  denotes the mean vector of the training data,
and S is the covariance matrix. In this study, the corresponding values of A\; and A\, are
utilised to define the vector x;.

To determine whether the system is in a healthy or damaged state, a threshold is typ-
ically established as follows [14]: The Mahalanobis distance (MD) is initially computed
using a training dataset, and the threshold is set by identifying the 95% quantile through



the Monte Carlo method using 3000 samples. For damage detection, the MD of each
new data point is calculated. If the MD exceeds the threshold, the data point is consid-
ered novel compared to the training data. For the remainder of this study, a threshold
determined in this manner is referred to as the standard threshold.

FUZZY THRESHOLD

The primary objective of this study is to determine the amount of data required to
achieve a predefined confidence level for the threshold value, thereby improving the
confidence of damage detection based on available training data. From an engineering
perspective, establishing a confidence level for the threshold and quantifying the neces-
sary data collection is highly beneficial. Following [[15]], a decision-maker can define a
confidence metric as the range between the upper and lower quantiles of a given width
for the threshold 7', based on n samples:

5%1) = Qupper(T(n)) - Qlower(T(n))- (10)

By plotting these bounds relative to the data size, one can easily interpret how much
data is required to achieve a given confidence level. To dynamically adjust the upper
and lower quantiles, this study employs the framework of fuzzy probabilities [16]. The
membership function, using a-cuts, provides a unified approach to defining different
plausible intervals. Here, the threshold is modelled as a triangular fuzzy number, where
parameters ai, as, and ag are derived from the mean and the 0- and 1-quantiles of a given
sample set n. This approach enables the examination of various quantile ranges via a-
cuts without repeatedly computing statistical quantities. Figure |4|illustrates the required
sample size to achieve specific quantile ranges for different a-cuts.
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Figure 4. Convergence of the quantile range for the threshold for different o-cuts.

From Figure 4] for an « value of 0.1, a sample size of 1360 is required to reach a
quantile range of 0.5. For the same sample size, an « of 0.9 results in a quantile range
of 0.0312, while o« = 0.5 yields a quantile range of 0.158. As expected, lower « values
correspond to lower confidence in the threshold, leading to wider confidence intervals.



DISCUSSION AND COMPARISON

For this study, an a-cut of 0.5 is assumed. Given a quantile range of 5&5‘) = 0.25,a
total of 1900 samples are required, as indicated by Equation[I0] The standard threshold
and the MD shown in Figure [f| were determined as described earlier using 1900 samples,
with the threshold computed on a set disjoint from the MD training set. As mentioned
above, the standard threshold relies on the Monte Carlo method, which introduces in-
herent scattering. This behaviour is illustrated in Figure [5] where different realisations
of the standard threshold were obtained by repeating the procedure 3000 times. It can
be observed that the standard threshold follows a normal distribution, indicating that it
spans an interval rather than existing as a crisp value. This interval is effectively captured
by the fuzzy threshold, underscoring the importance of considering a range of thresholds
rather than relying on a single crisp value for damage detection.
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Figure 5. comparison of threshold realisations across various sample draws

Figure [6] shows the MD of 500 unknown samples from the healthy state as well as
from the damage state, induced by a reduced stiffness ks (reduced from 10 N/m to 8.3
N/m), alongside both the standard threshold and the fuzzy threshold.
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Figure 6. Healthy state of the 2DOF system (left) and damaged state (right).

The true positive rate (TPR) and false positive rate (FPR) are used in this study to
judge the accuracy of damage detection. Here, the FPR is solely calculated based on the
healthy data, while the true positive rate TPR is exclusively determined from the data of
the damaged state. Moreover, a fuzzy ratio is introduced, which is defined as the num-
ber of samples within the a-cut divided by the overall number of samples of the current



TABLE I. Comparison of TPR, FPR, and fuzzy ratio for standard and fuzzy threshold.

| TPR FPR  Fuzzy ratio (healthy) Fuzzy ratio (damaged)

Standard 0.894 0.042 - -
Fuzzy (a« = 0.5) | 0.940 0.039 0.030 0.094
Fuzzy (o = 0) 0.975 0.029 0.046 0.198

state of the 2DOF system. Table [l lists results for the healthy and damaged states and
demonstrates that the standard threshold performs worse in terms of damage detection
compared to the approach based on the fuzzy threshold. Since the fuzzy threshold ex-
cludes samples that fall within its confidence interval, this method yields more accurate
results for damage detection than the standard threshold. Furthermore, selecting a lower
a (e.g., a = 0) results in more samples being excluded, ensuring that only the most
certain ones are considered for damage detection. As a result, the accuracy of damage
detection improves, albeit at the cost of reducing the number of available samples.

CONCLUDING REMARKS

In this work, a 2DOF system was used to demonstrate a methodology based on fuzzy
probabilities to determine the required number of samples for a given confidence level.
Confidence intervals for the threshold were derived using a-cuts, allowing for better rep-
resentation of statistical fluctuations and more accurate decisions near the threshold. The
presented approach effectively determined the necessary sample size while accounting
for the threshold’s inherent stochastic variability. Compared to the standard method, the
fuzzy-based approach provided a more robust distinction between healthy and damaged
states using the MD. This study thus laid the foundation for more reasonable decision-
making in the presence of uncertainties, which is particularly important when engineers
are challenged a priori to determine the sample size to guarantee a certain confidence in
the threshold used for damage detection within SHM. However, this study represents an
initial investigation. Limitations include the use of only a triangular fuzzy number for a-
cuts and the exclusive consideration of the MD for outlier detection. Future work should
explore additional outlier detection methods, alternative fuzzy numbers for threshold
definition, and different metrics for confidence evaluation. Additionally, incorporating
targeted sampling strategies could further reduce uncertainties.
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