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ABSTRACT

Real-time state estimation is essential for conducting efficient structural health as-
sessment and enabling feedback control strategies in high-rate systems. High-rate sys-
tems are dynamic systems that experience extreme acceleration (> 100 gn» where gn
is the gravitational constant near the earth’s surface) within very short periods (< 1
millisecond), commonly observed in applications such as hypersonic systems and im-
pact mitigation mechanisms. These engineering systems require control and feedback
methodologies capable of operating within the sub-millisecond ranges, posing signifi-
cant challenges for traditional prediction methods due to the underlying nonlinear and
nonstationary behavior. This paper introduces and investigates a deep learning algo-
rithm that combines topological data analysis (TDA) features with machine learning to
enhance state estimation of high-rate systems. The algorithm consists of an ensemble
of recurrent neural networks (RNNs) constructed with a parallel arrangement of long
short-term memory cells. The ensemble incorporates predictions from multiple RNNs
trained on varying window sizes and delays, allowing the system to capture both short-
and long-term data dependencies. A Feedforward Neural Network is employed to pre-
dict and analyze the contribution of each RNN’s output to an overall state estimation
using TDA-derived features such as the maximum persistence of the first dimensional
persistence homology group, H,. The proposed approach is validated using data from
the dynamic reproduction of projectiles in ballistic environments for advanced research
(DROPBEAR) testbed. Results demonstrate the promise of the algorithm at predicting
time series and system states over longer prediction horizons.
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INTRODUCTION

High-rate dynamic systems are systems subject to extreme dynamic events, typically
involving accelerations greater than 100 g,, and of durations shorter than 100 millisec-
onds (ms) [1]. Examples include active blast mitigation systems, advanced weaponry,
hypersonic vehicles, and automotive airbag deployment mechanisms [1, 2]. Of partic-
ular interest is high-rate structural health monitoring (HRSHM), which focuses on the
real-time state estimation of such systems to enable feedback mechanisms that have the
potential to improve operational safety and performance [3]. However, HRSHM is chal-
lenging due to three primary factors: (1) large uncertainties in external excitations, (2)
nonstationary behavior with high levels of disturbance, and (3) unmodeled dynamics re-
sulting from abrupt changes in system configuration. These characteristics complicate
the accurate estimation of system states, especially under the sub-millisecond response
time often required for effective feedback [2].

Applicable methods are generally categorized into physics-based observers, data-
driven methodologies, and hybrid approaches. Physics-based observers including Kalman
filters, sliding mode observers, and model reference adaptive systems (MRAS) rely on
detailed mathematical models of the system to perform state estimation [4,5]. Although
these methods provide robust solutions, they are computationally expensive, have slower
convergence, and face difficulty in modeling the nonlinearities that frequently exist in
high-rate dynamics [6].

Data-driven techniques, particularly those involving machine learning models such
as recurrent neural networks (RNNs) and long short-term memory (LSTM) networks,
provide an acceptable alternative as they do not need to explicit model the dynamics [3].
RNNs have shown effective in analyzing time-series data by modeling and forecasting
nonlinear and nonstationary signals [7]. Additionally, ensemble methodologies, which
involve training multiple LSTM networks each using a distinct set of inputs, have im-
proved the ability to capture complex multi-temporal dynamics [8]. However, these
ensemble approaches still face significant challenges. Firstly, they typically depend on
attention mechanisms to aggregate model predictions, which increases computational
demands and can reduce prediction accuracy for multi-step forecasts [3]. Secondly,
preparing labeled data necessary for training these models is expensive and challenging
due to the complexity of experimental setups, low repeatability of high-rate events, and
potential risks of system damage [3]. Nelson et al. [S] proposed a hybrid model known
as the neural state estimator, which combines LSTM-based forecasting with an MRAS
for subsequent state estimation. While this method effectively shifts computational de-
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mands forward in time, thus reducing or eliminating deadline overshoots, it remains
computationally expensive due to the MRAS component.

Recently, Topological Data Analysis (TDA) has gained attention as a powerful tool
for capturing intrinsic data characteristics of nonlinear time series by evaluating their
embeddings into point clouds [9, 10]. TDA uses concepts from algebraic topology to
explore data as geometric and topological objects, detecting topological invariants such
as connected components, boundaries of 1-dimensional holes or loops, boundary hyper-
surfaces of higher dimensions holes or voids, within datasets geometricaly/topologically
expressed as simplicial complexes [11]. TDA has shown promise in the analysis of
complex and chaotic dynamics, for example demonstrating improved time series clas-
sification capabilities [12]. In prior work, we have studied the use of TDA features as
inputs to an ensemble of RNNs, and demonstrated that TDA features could be utilized
as dynamic descriptors [3,9]. Here, we build on our prior work and investigate if TDA
features could be used as a feed-forward mechanism to an ensemble of RNNs, with the
objective to reduce computation time.

Specifically, our approach employs multiple parallel LSTM networks, each trained
independently on data constructed with a distinct delay vector representing a unique tem-
poral scale. Unlike existing approaches that rely on attention mechanisms, we introduce
a simpler and more computationally efficient Feedforward Neural Network (FNN). This
FNN dynamically calculates the weights to optimally combine outputs from the parallel
LSTMs based on real-time features derived from TDA. These TDA features are ob-
tained using persistent homology by measuring the maximum persistence of topological
features, including the 0" dimensional persistent homology(H,) that encodes connected
component characteristics and 1°¢ dimensional persistent homology(H) that encodes the
1-D holes all from the given dataset’s associated topology preserving simplicial complex
filtration. This information is obtained from two sliding windows moving over the in-
put signal. Each LSTM network within the ensemble is exclusively trained on synthetic
harmonic signals generated at different frequencies. By using these synthetic signals
instead of experimental data, we reduce the dependency on labeled datasets, which are
typically difficult and expensive to collect in high-rate environments [3]. We conduct
numerical experiments using a synthetic dataset and experimental data obtained from
the DROPBEAR (Dynamic Reproduction of Projectiles in Ballistic Environments for
Advanced Research) testbed.

The rest of the paper is organized as follows. The next section describes the algorithm
developed for real-time multi-step ahead prediction and also the DROPBEAR testbed.
The subsequent section presents and discusses the results obtained from synthetic and
experimental datasets. The last section reports conclusions and recommendations.

METHODOLOGY

This section describes the methodology used to design, train, and evaluate a physics-
informed state estimation algorithm using an ensemble of Long Short-Term Memory
(LSTM) cells guided by TDA features. The goal is to predict fast-changing dynamics
under nonstationary conditions using minimal experimental training data. The architec-
ture for prediction is shown in Figure 1. At each time step, the output from all LSTM
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Figure 1. Schematics of the high-rate time series estimation algorithm.

networks is combined to form a final prediction %, for an m-step ahead forecast. In
previous work, this combination was handled by an attention layer followed by a linear
neuron [3]. In this study, we replace the attention layer with the FNN architecture, which
is trained using real-time topological features (maximum persistence of H).

The algorithm comprises three major steps:

1. Extract TDA features such as maximum persistence and one-dimensional homol-
ogy groups (H1).

2. Feed the extracted TDA features into the FNN, which outputs a set of participation
weights a; € R corresponding to each LSTM. The FNN, been pre-trained using
windowed signal inputs, with the corresponding maximum persistence of H; is
used as the target output. The optimum window size and time delay are selected
based on the previous research d = 2 and 7 < 0.25/ fy00 [9].

3. Combine the weighted outputs of each LSTM using a linear neuron to produce an
m-step ahead prediction.

There are two methods to predict m steps ahead. The first one is to repeat m times
recursively, each time feeding the previous output back as input. As a caveat, this pro-
cedure might result in wrong predictions due to accumulative/propagating errors, es-
pecially in the absence of real training labeled data. The second method involves di-
rectly predicting m step ahead without computing intermediate predictions. This second
method is used in this study. The FNN enables adaptive weighting across different time
resolutions, guided by real-time TDA features, and eliminates the need for manually la-
beled training data leveraging synthetic harmonic signals for initial training. This struc-
ture improves accuracy, reduces computational cost, and allows generalization to unseen
dynamic behaviors.

To handle dynamics that evolve at different temporal scales, we use a multi-resolution
windowing strategy to build delay vectors. Each LSTM is assigned a specific delay vec-
tor characterized by a different time delay 7 and dimension d. The choice of 7 directly
affects the resolution of dynamics captured: smaller delays are better for high-frequency
signals, while larger delays capture low-frequency signals [13]. Each LSTM receives its
own delay vector, and all are synchronized to produce predictions from the same time
step. This setting helps each sub-model specialize in different temporal structures.
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Figure 2. The DROPBEAR testbed.

TDA features are extracted in real-time using a sliding window approach. At each
step, a local segment of the signal x,,(t) = [z(t — 1),z(t — 2),--- ,z(t — w)] is em-
bedded into a delay vector using different 7 and d parameters as the LSTM ensemble.
From the resulting point cloud, topological features are used to measure the shape of the
underlying trajectory and track changes in dynamic regimes. The choice of window size
w aims at capturing at least one complete dynamic cycle. Based on previous studies, the
optimal 7 for a single harmonic f is 0.25/ f resulting in a circular point cloud; smaller
values stretch the cloud into ellipses, while larger ones result in folding the state space.
A fixed embedding dimension of d = 2 is suggested for a single harmonic function.

Realistic performance of the algorithm is evaluated on the Dynamic Reproduction
of Projectiles in Ballistic Environments for Advanced Research (DROPBEAR) testbed.
DROPBEAR is a cantilever beam with a moving boundary condition, designed to simu-
late high-rate dynamics (see Figure 2). The beam is clamped at one end and connected
to a movable pin at the other, which introduces sudden changes in stiffness. An impact
hammer is used to create repeated impact excitations. An accelerometer is placed 300
mm from the fixed end to measure vibrations. The beam response can be simplified as
a harmonic signal assuming the first mode dominates as shown in Equation 1 [14]. We
selected DROPBEAR case for two reasons: (1) the experimental data are publicly avail-
able [5], and (2) the DROPBEAR datasets provide a rigorous benchmark for evaluating
high-rate estimation algorithms [5].

x(t) = cos(2m ft) (1)

To address the challenge of data scarcity in high-rate regimes, transfer learning is
implemented using synthetic harmonic signals with varying frequencies. Each LSTM
in the ensemble is independently pre-trained on a fixed-frequency signal of the form
x(t) = cos(2mft), where f is specific to that LSTM. The training process relies on
delay vectors constructed from time-delayed signal samples and eliminates the need for
labeled experimental data. During inference, the system does not perform feedback-
based error correction. Instead, the maximum persistence of [ is extracted in real time
from the test signal and mapped to participation weights «; via the FNN. These weights
determine the contribution of each LSTM to the final prediction, which is computed
using a linear neuron that aggregates their outputs. The ensemble thus adapts to the
geometric structure of the incoming signal and predicts future steps one at a time, using
only the current estimated state.



TABLE I. Hyper-parameters used for training in synthetic datasets.

Config1 Config2 Config3 TDA
Time delay (s)  0.500 0.250 0.167  0.030

Dimension 2 2 2 0.103
Epochs 3 3 3 25
Learning rate 0.01 0.01 0.01 0.01

Two performance metrics are used to assess the prediction accuracy. Metric J; is
the root mean squared error (RMSE) between the true location of the moving boundary
and the estimated location across the entire signal duration. Metric J,; measures the
percentage of time the prediction error exceeds a threshold ¢, where ¢ is taken as 5%,
10%, and 20%. Metric J3 ; measures the percentage of time the prediction error exceeds
a threshold ¢ when the cart position is constant. These thresholds represent application-
relevant tolerances for structural response tracking under high-rate conditions.

RESULTS AND DISCUSSION

This section evaluates the prediction performance of the proposed TDA-informed en-
semble of LSTM networks across synthetic and experimental datasets designed to repli-
cate high-rate dynamic systems. The algorithm is validated using two types of datasets:
(1) a synthetic chirp signal with frequency varying from 1 Hz to 3 Hz, and (2) experi-
mental acceleration measurements from the DROPBEAR testbed. The synthetic chirp
signal is taken as

z(t) = cos (27 f (£)t) (2)

where f(t) varies between 1 and 3 Hz with a 1000 Hz sampling rate. The excitation is
plotted in Figure 3 (gray solid line). In this excitation, the frequency remains constant at
1 Hz for the first 2 seconds, then increases to 3 Hz over the next 2 seconds. It stays at
3 Hz for an additional 2 seconds before returning to 1 Hz, where it remains constant for
the final 2 seconds. The size of the moving window and time delay to embedded data for
each LSTM and TDA is reported in Table I, and Figure 3 plots results for TDA-informed
and attention-based ensemble networks for 100 steps ahead (100 milliseconds). Results
from the Figure show that the attention-based ensemble is incapable of predicting the
acceleration magnitude that far ahead, while the TDA-informed ensemble can, except
during transition regions mainly attributable to the time delay. An inspection of results
reported in Table II reveals that under similar training conditions, TDA-informed ensem-
ble achieved significantly better accuracy in the steady state region due to its awareness
of the system’s state, predicting acceleration magnitudes within 5% accuracy 70% of
the time. The attention-based ensemble is not capable of predicting acceleration that far
ahead. These results from 100-step ahead predictions demonstrate the robustness of the
TDA-informed ensemble.

Figure 4 shows how metrics change across different prediction steps, and the accu-
racy is presented using metrics J; and Jy; for various thresholds. The degradation in
performance as the prediction step increases is expected and visible across the attention-
based ensemble model because of less information about the future compared to TDA-
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Figure 3. TDA-informed and attention-based ensemble predictions for synthetic datasets,
100 steps (100 milliseconds) ahead.

TABLE II. Performance comparison for synthetic datasets, 100 steps (100 milliseconds)
ahead.

Ji Jos  Jai0 0 Jag0  J3s S0 Js20

Model ) (O () () () () (%)
Ensemble 0.58 97.75 95.86 91.63 99.05 98.20 96.20
TDA-informed 0.32 50.61 46.21 40.78 31.88 29.14 2394

informed ensemble. TDA-informed ensemble maintains a relatively stable accuracy due
to embedded topological knowledge of the system.

The investigation is continued on experimental datasets taken from the DROPBEAR
testbed. The dataset corresponds to Dataset-6, where the experiment does not involve
an impact hammer. The system’s dominant frequency varies between 28.8 Hz and 54.4
Hz. The ensemble LSTM part consists of two configurations: config 1 trained at 28.8
Hz and config 2 trained at 54.4 Hz, representing the minimum and maximum dominant
frequencies of the system. A fully connected FNN is employed to map topological
features extracted from the signal to the true cart location. The network consists of 3
hidden layers, each with 512 ReLLU-activated neurons. The model is trained using the
Adam optimizer with mean squared error as the loss function and parameters used for
training are summarized in Table III.

Figure 5 shows the true and predicted cart locations and the TDA-informed and
attention-based ensemble for DROPBEAR dataset for 2500 steps (100 milliseconds)
ahead. Metrics summarized in Table IV illustrate the challenges faced by attention-
based ensemble prediction due to a lack of labeled data, resulting in substantially higher
errors. The significant improvement in the metric /3 indicates that the TDA-informed en-
semble is better at maintaining prediction stability under steady state conditions. While
performance through these metrics appears generally low even for the TDA-informed
ensemble, a visual inspection of Figure 5 reveals that the cart can be tracked, and that
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Figure 4. Accuracy comparison for synthetic datasets over prediction horizons (1 step =
1 millisecond).

TABLE III. Hyper-parameters used for training in DROPBEAR.

Config1l Config2 TDA
Time delay (s) 0.01024 0.00512 0.0012

Dimension 2 2 0.0612
Epochs 3 3 25
Learning rate 0.01 0.01 0.01

performance metrics are highly influence by high chattering in the predicted cart loca-
tion. Further investigations on training and physics-informed predictions could signifi-
cantly enhance algorithmic performance; this is left to future work.

CONCLUSION

This paper evaluated the performance of an FNN architecture to conduct step-head
predictions of nonstationary time series based on TDA features. The TDA-informed
FNN is used to estimate the system state and compute the participation weight of each

TABLE IV. Performance comparison for DROPBEAR, 2500 steps (100 milliseconds)
ahead.

Model Ji J2,5 J2,10 J2,20 J3,5 J3,10 J3,20

(m/s?) (%) (%) (%) (%) (%) (%)
Attention-based ensemble  4.32  98.68 95.89 90.65 98.84 98.02 95.84
TDA-informed ensemble 4.36 96.07 92.34 8533 88.78 78.32 58.32




= True signal I"-71 Configl window m  Config2 inputs Transition state

------ Attention-based @ Configl inputs — 1A —— True cart location
——- TDA-informed  CTZZi Config2 window Steady state Predicted cart location
401 -200
g ~
% g
g 150 =
g R
= =
= O
< F100 =
g 720 5
< o
—40 1 50
0 1 2 3 4 5
Time (s)

Figure 5. TDA-informed and attention-based ensemble prediction for DROPBEAR, 2500
steps (100 milliseconds) ahead.

LSTM to perform multi-step-ahead prediction. Validation was performed using both
synthetic and experimental datasets from the DROPBEAR testbed. Results for the syn-
thetic datasets showed that the attention-based ensemble works better for small predic-
tion horizons, but that the TDA-informed ensemble is more effective at predicting over
extended prediction horizons.
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